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1. Maximum Fresnel Factor

Schlick Fresnel factor. The Schlick approximation of the Fresnel
factor [Sch94] is defined as

F(cosθh) = F0 +(1−F0)(1− cosθh)
5, (1)

where cosθh = ωωωi ·ωωωh, and F0 ∈ [0,1] is the Fresnel factor at the
normal incidence. Since this F(cosθh) is monotonically increasing
for θh ∈

[
0, π

2
]
, the maximum Fresnel factor is yielded from the

maximum of θh for ωωωi as follows:

Fmax(ωωωi) = F
(
cos
(
θ

max
h (ωωωi)

))
, (2)

where θ
max
h (ωωωi) =

1
2 arccos(ωωωi ·n)+ π

4 is the maximum of θh, and

cos(θmax
h (ωωωi)) =

√
1−
√

1−(ωωωi·n)2

2 .

Unpolarized Fresnel factor for dielectrics. For dielectrics with
unpolarized light, the Fresnel factor is the following equa-
tion [CT82]:

F(cosθh) =
F⊥(cosθh)+F‖(cosθh)

2
. (3)

where F⊥(cosθh) and F‖(cosθh) are the perpendicular polarized
reflection and parallel polarized reflection defined by
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∣∣∣∣∣∣cosθh−
√

η2− sin2
θh

cosθh +

√
η2− sin2

θh

∣∣∣∣∣∣
2

, (4)
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, (5)

where η ∈ (0,∞) is the relative refractive index. For θh ∈
[
0, π

2
]
,

if 2−
√

3 ≤ η ≤ 2+
√

3, this Fresnel factor F(cosθh) is mono-
tonically increasing for θh. Otherwise, it is quasiconvex. Thus, the
maximum Fresnel factor for ωωωi is obtained by

Fmax(ωωωi) = max
(
F(1),F

(
cos
(
θ

max
h (ωωωi)

)))
. (6)

2. Experimental Results

Interleaved sampling. Fig. 1 shows rendered images with and
without interleaved sampling and denoising. Although interleaved
sampling and denoising slightly increases the error by blurring
small details of illumination, the performance is improved signifi-
cantly. Therefore, this paper employs interleaved sampling for real-
time applications.

Equal-time comparison. Stochastic light culling has a trade-off
between the performance and quality, which is controlled by the
user-specified parameter δ. Therefore, our ellipsoid-based approach
can render higher-quality images than the sphere-based approach
when comparing at the same computation time. Fig. 2 shows
the equal-time comparison between the bounding sphere and our
bounding ellipsoid for the Museum scene. As shown in this exper-
imental result, we are also able to improve the quality using our
bounding ellipsoid.

3. HLSL Code

The HLSL code of our bounding ellipsoid generation and tiled
culling is shown in Listings 1 and 2.
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w/o interleaved sampling and denoising with interleaved sampling and denoising
total rendering time: 216.7 ms

RMSE: 0.0188

total rendering time: 11.19 ms

RMSE: 0.0213

total rendering time: 224.2 ms

RMSE: 0.0176

total rendering time: 9.85 ms

RMSE: 0.0187

total rendering time: 309.4 ms

RMSE: 0.0063

total rendering time: 12.42 ms

RMSE: 0.0072

Figure 1: Rendered images with and without interleaved sampling and denoising. Interleaved sampling and denoising significantly improves
the performance with slight error increase.
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total rendering time: 11.22 ms

RMSE: 0.0465

total rendering time: 11.19 ms

RMSE: 0.0213

Bounding sphere (δ = 0.125) Our bounding ellipsoid (δ = 0.001)

Figure 2: Equal-time comparison between the bounding sphere and our bounding ellipsoid.

Listing 1: Our bounding ellipsoid generation.
s t r u c t ELLIPSOID
{

f l o a t 3 t r a n s f o r m e d C e n t e r ;
f l o a t 3 x 3 t r a n s f o r m a t i o n ;

} ;

f l o a t 3 x 3 C a l c u l a t e S t r e t c h i n g M a t r i x ( c o n s t f l o a t 3 eu , c o n s t f l o a t 3 ev , c o n s t f l o a t 3 ew , c o n s t f l o a t u , c o n s t f l o a t v , c o n s t f l o a t w )
{

r e t u r n mul ( t r a n s p o s e ( f l o a t 3 x 3 ( eu ∗ u , ev ∗ v , ew ∗ w ) ) , f l o a t 3 x 3 ( eu , ev , ew ) ) ;
}

vo id G e n e r a t e B o u n d i n g E l l i p s o i d ( c o n s t u i n t l i g h t I n d e x , c o n s t f l o a t r , c o n s t f l o a t 3 p o s i t i o n ,
c o n s t f l o a t 3 d i r e c t i o n , c o n s t f l o a t 3 normal , c o n s t f l o a t r o u g h n e s s )

{
c o n s t f l o a t squa redRoughness = r o u g h n e s s ∗ r o u g h n e s s ;
c o n s t f l o a t p o l a r R a d i u s = r ∗ ( 1 . 0 + squa redRoughnes s ) / ( 2 . 0 ∗ r o u g h n e s s ) ;
c o n s t f l o a t 3 r e f l e c t i o n D i r e c t i o n = r e f l e c t ( d i r e c t i o n , normal ) ;
c o n s t f l o a t 3 t a n g e n t = n o r m a l i z e ( c r o s s ( d i r e c t i o n , normal ) ) ;
c o n s t f l o a t 3 e l l i p s o i d C e n t e r = p o s i t i o n + r e f l e c t i o n D i r e c t i o n ∗ ( r ∗ ( 1 . 0 − squa redRoughnes s ) / ( 2 . 0 ∗ r o u g h n e s s ) ) ;
c o n s t f l o a t 3 e l l i p s o i d C e n t e r V i e w S p a c e = mul ( g_cameraViewMatr ix , f l o a t 4 ( e l l i p s o i d C e n t e r , 1 . 0 ) ) . xyz ;
c o n s t f l o a t 3 e l l i p s o i d U = mul ( ( f l o a t 3 x 3 ) ( g_cameraViewMatr ix ) , r e f l e c t i o n D i r e c t i o n ) ;
c o n s t f l o a t 3 e l l i p s o i d W = mul ( ( f l o a t 3 x 3 ) ( g_cameraViewMatr ix ) , t a n g e n t ) ;
c o n s t f l o a t 3 e l l i p s o i d V = c r o s s ( e l l i p s o i d U , e l l i p s o i d W ) ;
ELLIPSOID e l l i p s o i d ;
i f ( r != 0 . 0 ) {

c o n s t f l o a t 3 x 3 s t r e t c h = C a l c u l a t e S t r e t c h i n g M a t r i x ( e l l i p s o i d U , e l l i p s o i d V , e l l i p s o i d W , 1 . 0 / p o l a r R a d i u s , 1 . 0 / r , 1 . 0 / r ) ;
c o n s t f l o a t 3 x = mul ( s t r e t c h , f l o a t 3 ( 1 . 0 , 0 . 0 , 0 . 0 ) ) ;
c o n s t f l o a t 3 y = mul ( s t r e t c h , f l o a t 3 ( 0 . 0 , 1 . 0 , 0 . 0 ) ) ;
c o n s t f l o a t 3 no rma l i zedZ = n o r m a l i z e ( c r o s s ( x , y ) ) ;
f l o a t 3 normal izedX , normal izedY ;
i f ( d o t ( x , x ) > d o t ( y , y ) ) {

normal izedX = n o r m a l i z e ( x ) ;
normal izedY = c r o s s ( normal izedZ , normal izedX ) ;

}
e l s e {

normal izedY = n o r m a l i z e ( y ) ;
normal izedX = c r o s s ( normal izedY , no rma l i zedZ ) ;

}
c o n s t f l o a t 3 x 3 r o t a t i o n = { normal izedX , normal izedY , no rma l i zedZ } ;
c o n s t f l o a t 3 x 3 t r a n s f o r m a t i o n = mul ( r o t a t i o n , s t r e t c h ) ;
e l l i p s o i d . t r a n s f o r m e d C e n t e r = mul ( t r a n s f o r m a t i o n , e l l i p s o i d C e n t e r V i e w S p a c e ) ;
e l l i p s o i d . t r a n s f o r m a t i o n = t r a n s f o r m a t i o n ;

}
e l s e {

e l l i p s o i d . t r a n s f o r m e d C e n t e r = FLT_MAX;
e l l i p s o i d . t r a n s f o r m a t i o n = 0 . 0 ;

}
l i g h t B o u n d i n g E l l i p s o i d B u f f e r [ l i g h t I n d e x ] = e l l i p s o i d ;

}
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Listing 2: Our tiled culling using bounding ellipsoids. This implementation is based on Modified HalfZ [Ste15].
u i n t GetSubRegionIndex ( c o n s t u i n t 2 i d )
{

c o n s t u i n t 2 s u b r e g i o n I D = i d / g_subregionThreadCountXY ;
r e t u r n s u b r e g i o n I D . y ∗ INTERLEAVING_WIDTH + s u b r e g i o n I D . x ;

}

u i n t 2 G e t P i x e l P o s i t i o n ( c o n s t u i n t 2 i d )
{

c o n s t u i n t 2 s u b r e g i o n I D = i d / g_subregionThreadCountXY ;
c o n s t u i n t 2 l o c a l I D = i d % g_subregionThreadCountXY ;
r e t u r n l o c a l I D ∗ INTERLEAVING_WIDTH + s u b r e g i o n I D ;

}

f l o a t 2 G e t P r o j e c t e d P o s i t i o n ( c o n s t f l o a t 2 t e x c o o r d , c o n s t f l o a t 4 x 4 p r o j e c t i o n M a t r i x I n v )
{

c o n s t f l o a t 2 vp = t e x c o o r d ∗ 2 . 0 − 1 . 0 ;
c o n s t f l o a t 3 pos = mul ( p r o j e c t i o n M a t r i x I n v , f l o a t 4 ( vp . x , −vp . y , 0 . 0 , 1 . 0 ) ) . xyz ;
r e t u r n pos . xy / pos . z ;

}

vo id CalculateFrustumAABB ( o u t f l o a t 3 aabbCen te r , o u t f l o a t 3 a a b b H a l f S i z e , c o n s t f l o a t 2 r e c t a n g l e M i n , c o n s t f l o a t 2 rec t ang leMax ,
c o n s t f l o a t r e c t a n g l e Z , c o n s t f l o a t zmin , c o n s t f l o a t zmax )

{
c o n s t f l o a t 2 aabbMinXY = min ( r e c t a n g l e M i n ∗ zmin , r e c t a n g l e M i n ∗ zmax ) ;
c o n s t f l o a t 2 aabbMaxXY = max ( r e c t a n g l e M a x ∗ zmin , r e c t a n g l e M a x ∗ zmax ) ;
c o n s t f l o a t 3 aabbMin = f l o a t 3 ( aabbMinXY , r e c t a n g l e Z ∗ zmin ) ;
c o n s t f l o a t 3 aabbMax = f l o a t 3 ( aabbMaxXY , r e c t a n g l e Z ∗ zmax ) ;
a a b b C e n t e r = ( aabbMin + aabbMax ) ∗ 0 . 5 ;
a a b b H a l f S i z e = ( aabbMax − aabbMin ) ∗ 0 . 5 ;

}

f l o a t ComputeSquaredDis tanceToBox ( c o n s t f l o a t 3 p o s i t i o n , c o n s t f l o a t 3 boxCente r , c o n s t f l o a t 3 b o x H a l f S i z e )
{

c o n s t f l o a t 3 p = max ( abs ( boxCen te r − p o s i t i o n ) − boxHa l fS i ze , 0 . 0 ) ;
r e t u r n d o t ( p , p ) ;

}

vo id L i g h t C u l l i n g ( c o n s t u i n t 2 groupID , c o n s t u i n t g roupThreadIndex ,
c o n s t f l o a t zmin1 , c o n s t f l o a t zmax1 , c o n s t f l o a t zmin2 , c o n s t f l o a t zmax2 )

{
c o n s t u i n t l i g h t I n d e x B a s e = GetSubRegionIndex ( groupID ∗ TILE_WIDTH ) ∗ LIGHT_COUNT_PER_SUBREGION ;
c o n s t u i n t 2 t i l e M i n P i x e l P o s i t i o n = G e t P i x e l P o s i t i o n ( groupID ∗ TILE_WIDTH ) ;
c o n s t f l o a t 2 t i l e M i n = g _ s c r e e n R e s o l u t i o n I n v ∗ t i l e M i n P i x e l P o s i t i o n ;
c o n s t f l o a t 2 t i l e M a x = g _ s c r e e n R e s o l u t i o n I n v ∗ ( t i l e M i n P i x e l P o s i t i o n + TILE_WIDTH ∗ INTERLEAVING_WIDTH ) ;
c o n s t f l o a t 2 b a s e V e r t e x 0 = G e t P r o j e c t e d P o s i t i o n ( t i l e M i n , g _ c a m e r a P r o j e c t i o n M a t r i x I n v ) ;
c o n s t f l o a t 2 b a s e V e r t e x 1 = G e t P r o j e c t e d P o s i t i o n ( t i l eMax , g _ c a m e r a P r o j e c t i o n M a t r i x I n v ) ;
f o r ( u i n t i = g r o u p T h r e a d I n d e x ; i < LIGHT_COUNT_PER_SUBREGION ; i += TILE_WIDTH ∗ TILE_WIDTH ) {

c o n s t u i n t l i g h t I n d e x = l i g h t I n d e x B a s e + i ;
c o n s t ELLIPSOID e l l i p s o i d = l i g h t B o u n d i n g E l l i p s o i d B u f f e r [ l i g h t I n d e x ] ;
c o n s t f l o a t 2 v e r t e x 0 = mul ( ( f l o a t 2 x 3 ) ( e l l i p s o i d . t r a n s f o r m a t i o n ) , f l o a t 3 ( baseVer t ex0 , 1 . 0 ) ) ;
c o n s t f l o a t 2 v e r t e x 1 = mul ( ( f l o a t 2 x 3 ) ( e l l i p s o i d . t r a n s f o r m a t i o n ) , f l o a t 3 ( b a s e V e r t e x 1 . x , b a s e V e r t e x 0 . y , 1 . 0 ) ) ;
c o n s t f l o a t 2 v e r t e x 2 = mul ( ( f l o a t 2 x 3 ) ( e l l i p s o i d . t r a n s f o r m a t i o n ) , f l o a t 3 ( baseVer t ex1 , 1 . 0 ) ) ;
c o n s t f l o a t 2 v e r t e x 3 = v e r t e x 2 − v e r t e x 1 + v e r t e x 0 ;
c o n s t f l o a t 2 r e c t a n g l e M i n = min ( min ( min ( v e r t e x 0 , v e r t e x 1 ) , v e r t e x 2 ) , v e r t e x 3 ) ;
c o n s t f l o a t 2 r e c t a n g l e M a x = max ( max ( max ( v e r t e x 0 , v e r t e x 1 ) , v e r t e x 2 ) , v e r t e x 3 ) ;
c o n s t f l o a t r e c t a n g l e Z = e l l i p s o i d . t r a n s f o r m a t i o n . _m22 ;
f l o a t 3 aabbCen te r1 , a a b b H a l f S i z e 1 , aabbCen te r2 , a a b b H a l f S i z e 2 ;
CalculateFrustumAABB ( aabbCen te r1 , a a b b H a l f S i z e 1 , r e c t a n g l e M i n , r ec t ang leMax , r e c t a n g l e Z , zmin1 , zmax1 ) ;
CalculateFrustumAABB ( aabbCen te r2 , a a b b H a l f S i z e 2 , r e c t a n g l e M i n , r ec t ang leMax , r e c t a n g l e Z , zmin2 , zmax2 ) ;
c o n s t f l o a t squaredDistanceToAABB1 = ComputeSquaredDis tanceToBox ( e l l i p s o i d . t r a n s f o r m e d C e n t e r , aabbCen te r1 , a a b b H a l f S i z e 1 ) ;
c o n s t f l o a t squaredDistanceToAABB2 = ComputeSquaredDis tanceToBox ( e l l i p s o i d . t r a n s f o r m e d C e n t e r , aabbCen te r2 , a a b b H a l f S i z e 2 ) ;
i f ( squaredDistanceToAABB1 < 1 . 0 ) {

u i n t a d d r e s s ;
I n t e r l o c k e d A d d ( s h a r e d L i g h t C o u n t 1 , 1 , a d d r e s s ) ;
s h a r e d L i g h t L i s t [ a d d r e s s ] = l i g h t I n d e x ;

}
i f ( squaredDistanceToAABB2 < 1 . 0 ) {

u i n t a d d r e s s ;
I n t e r l o c k e d A d d ( s h a r e d L i g h t C o u n t 2 , 1 , a d d r e s s ) ;
s h a r e d L i g h t L i s t [ a d d r e s s ] = l i g h t I n d e x ;

}
}

}
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